Waveguide quantum electrodynamics studies photon-mediated interactions of quantum emitters in a one-dimensional radiation channel. Although signatures of such interactions have been observed previously in a variety of physical systems, observation of coherent cooperative dynamics has been obscured by radiative decay of atoms into the waveguide. Employing transmon qubits as artificial atoms coupled to a microwave coplanar waveguide, here we observe dynamical oscillations in an open system where a designated probe qubit interacts with an entangled dark state of an array of qubits which effectively traps radiation as an atomic cavity. The qubit-cavity system is shown to achieve a large cooperativity of C = 172 due to collective enhancement of photon-mediated interactions, entering the strong coupling regime. The quantum coherence of the dark state cavity is also explored through its nonlinear response at the single-excitation level. With realistic refinements, this system is suitable for studying the many-body dynamics of large (N > 10) quantum spin chains, synthesizing highly non-classical radiation fields on demand, and implementing universal quantum logic operations with high fidelity on information encoded within decoherence-free subspaces.
Waveguide quantum electrodynamics studies photon-mediated interactions of quantum emitters in a one-dimensional radiation channel. Although signatures of such interactions have been observed previously in a variety of physical systems, observation of coherent cooperative dynamics has been obscured by radiative decay of atoms into the waveguide. Employing transmon qubits as artificial atoms coupled to a microwave coplanar waveguide, here we observe dynamical oscillations in an open system where a designated probe qubit interacts with an entangled dark state of an array of qubits which effectively traps radiation as an atomic cavity. The qubit-cavity system is shown to achieve a large cooperativity of C = 172 due to collective enhancement of photon-mediated interactions, entering the strong coupling regime. The quantum coherence of the dark state cavity is also explored through its nonlinear response at the single-excitation level. With realistic refinements, this system is suitable for studying the many-body dynamics of large (N > 10) quantum spin chains, synthesizing highly non-classical radiation fields on demand, and implementing universal quantum logic operations with high fidelity on information encoded within decoherence-free subspaces.
Cooperative interaction of atoms in the presence of a radiation field has been studied since the early days of quantum physics. The hallmark of such effects is the formation of super-and sub-radiant states in the spontaneous emission of an ensemble of atoms, first studied by Dicke [1] . While super-radiance deals with the exchange of real photons between atoms within an electromagnetic reservoir [2] [3] [4] , cooperative effects can also be achieved by exchange of virtual photons. A virtual photon emitted by an atom can be re-absorbed by another identical atom, giving rise to an effective exchange-type interaction between a pair of resonant atoms [5] [6] [7] [8] . The presence of photon-mediated interactions can be identified as an energy level shift of a collective excited state of an atomic ensemble, a phenomenon known as the cooperative Lamb shift [9] [10] [11] . However, dynamical signatures of such interactions are difficult to observe in an open system with optically small ensembles (atomic separation much smaller than radiation wavelength, d λ 0 ) because the evolution of the system is dominated by cooperative decay and short-ranged dipole interactions [12, 13] .
Progress in the preparation and control of individual quantum emitters has recently revived interest in studying cooperative effects in waveguide quantum electrodynamics (QED) systems [14] . In this physical system, atoms interact via a one-dimensional (1D) radiation channel supporting a continuum of electromagnetic * These authors contributed equally to this work. † opainter@caltech.edu; http://copilot.caltech.edu modes, such as an optical fiber or a microwave waveguide [15, 16] . The confinement of the electromagnetic field in a waveguide can lead to full collection of radiative emission from the coupled atoms, which in the extreme case manifests as full extinction of transmitted light through the waveguide due to interference with atomic resonance fluorescence [17] . Additionally, the waveguide-mediated interaction becomes long ranged in a 1D system [18] [19] [20] which allows for studying situations where the emitters are separated over distances d λ 0 . The spatial arrangement of emitters in such extensive states has been shown to lead to qualitatively different regimes. For instance, for a separation d = λ 0 /4 of identical emitters the cooperative coherent interactions between emitters is maximized while cooperative decay is completely suppressed [21] . Single atom decay into the waveguide is still present, however, which obscures the waveguide-mediated interactions regardless of emitter separation [21, 22] . A number of methods for circumventing this issue and protecting against radiative decay in an open waveguide system have been considered, including terminating the waveguide with a mirror [23, 24] , loading the waveguide periodically to create photonic bandgaps [25] [26] [27] , using "giant atoms" with multiple coupling points to a waveguide [22] , and encoding quantum information in a decoherence-free subspace of multiple atoms [28, 29] .
Here we explore the dynamical properties of an engineered superconducting quantum circuit consisting of an array of artificial atoms, in the form of transmon qubits [30] , which are strongly coupled to a common mi- FIG. 1. Waveguide QED setup. a, Top: schematic showing cavity configuration of waveguide QED system consisting of an array of N mirror qubits (N = 2 shown; green) coupled to the waveguide with an inter-qubit separation of λ0/2, with a probe qubit (red) at the center of the mirror array. Middle: schematic showing analogous cavity QED system with correspondence to waveguide parameters. Bottom: energy level diagram of the system of three qubits (2 mirror, one probe). The mirror dark state |D is coupled to the excited state of the probe qubit |e p at a cooperatively enhanced rate of 2J = 2Γ1DΓ1D,p. The bright state is decoupled from the probe qubit. b, Optical image of the fabricated waveguide QED chip. Tunable transmon qubits interact via microwave photons in a superconducting coplanar waveguide (CPW; false-color orange trace). The CPW is used for externally exciting the system and is terminated in a 50-Ω load. Insets: Scanning electron microscope image of the different qubit designs used in our experiment. The probe qubit, designed to have Γ1D,p/2π = 1 MHz, is accessible via a separate CPW (XY4; false-color blue trace) for state preparation, and is also coupled to a compact microwave resonator (R4; false-color cyan) for dispersive readout. The mirror qubits come in two types: type-I with Γ1D/2π = 20 MHz and type-II with Γ1D/2π = 100 MHz. c, Waveguide transmission spectrum across individual qubit resonances (top: probe qubit (Q4) ; bottom: individual type-I (Q6, green curve) and type-II (Q1, blue curve) mirror qubits). From Lorentzian lineshape fit of the measured waveguide transmission spectra we infer Purcell factors of P1D = 11 for the probe qubit and P1D = 98 (219) for the type-I (type-II) mirror qubit.
crowave waveguide channel. Inspired by recent theoretical ideas [31, 32] , we use precise control of the phase separation of the qubits along the waveguide and an ancillary probe qubit to create a collective sub-radiant state of the qubit array in which radiative decay is strongly suppressed while interactions with the probe qubit via microwave photons in the waveguide are cooperatively enhanced. Using a combination of waveguide transmission and individual addressing of the probe qubit we are able to observe spectroscopic and time-domain signatures of the collective dynamics of the qubit array. This yields direct evidence of strong coupling between the probe qubit and the sub-radiant state, while also providing a sensitive measure of the coherence and quantum nonlinear behavior of the collective states of the qubit array.
The collective evolution of an array of resonant qubits coupled to a 1D waveguide can be formally described by a master equation of the formρ = −i/ [Ĥ eff ,ρ] + m,n Γ m,nσ m geρσ n eg [31, 33] , whereσ m ge = |g m e m |, and m and n represent indices into the qubit array. Within the Born-Markov approximation, the effective Hamiltonian can be written in the interaction picture asĤ
where J m,n = Γ 1D sin (k 0 |x m − x n |)/2 and Γ m,n = Γ 1D cos (k 0 |x m − x n |) denote the cooperative exchange interaction and cooperative dissipation terms, respectively. x m(n) are the spatial locations of the qubits along the waveguide propagation axis, Γ 1D is the energy decay rate of individual qubits into the waveguide, and k 0 = ω 0 /c is the wavenumber of the guided mode of the waveguide at resonance (ω 0 ) with the qubits. The collective states of the coupled qubits, along with their corresponding frequency shifts and decay rates, can be found by diagonalizing the effective Hamiltonian. Figure 1 (a) depicts the waveguide QED system considered in this work. The system consists of an array of N qubits separated by distance d = λ 0 /2 and a separate probe qubit centered in the middle of the array with waveguide decay rate Γ 1D,p . In this configuration, the effective Hamiltonian can be simplified in the singleexcitation manifold to
m are the lowering operators of the bright collective state and the fully-symmetric dark collective state of the qubit array (as shown in Fig. 1(a) , m > 0 and m < 0 denote qubits to the right and left of the probe qubit, respectively). As evident by the last term in the Hamiltonian, the probe qubit is coupled to this dark state at a cooperatively enhanced rate 2J = √ N Γ 1D Γ 1D,p . The bright state super-radiantly emits into the waveguide at a rate of N Γ 1D . The collective dark state has no coupling to the waveguide, and a decoherence rate Γ D which is set by parasitic damping and dephasing not captured in the simple waveguide QED model (see App. C). In addition to the bright and dark collective states described above, there exist an additional N − 2 collective states of the qubit array with no coupling to either the probe qubit or the waveguide [31] .
The subsystem consisting of coupled probe qubit and symmetric dark state of the mirror qubit array can be described in analogy to a cavity QED system [31] . In this picture the probe qubit plays the role of a two-level atom and the dark state mimics a high-finesse cavity with the qubits in the λ 0 /2-spaced array acting as atomic mirrors (see Fig. 1(a) ). In general, provided that the fraction of excited array qubits remains small as N increases, S D stays nearly bosonic and the analogy to the Jaynes-Cummings model remains valid. Mapping waveguide parameters to those of a cavity QED system, the cooperativity between probe qubit and atomic cavity can be written as C = (2J) 2 /(Γ 1D,p + Γ p )Γ D ≈ N P 1D . Here P 1D = Γ 1D /Γ is the single qubit Purcell factor, which quantifies the ratio of waveguide emission rate to parasitic damping and dephasing rates. Attaining C > 1 is a prerequisite for observing coherent quantum effects. Referring to the energy level diagram of Fig. 1(a) , by sufficiently reducing the waveguide coupling rate of the probe qubit one can also realize a situation in which J > (Γ 1D,p + Γ p ), Γ D , corresponding to the strong coupling regime of cavity QED between excited state of the probe qubit (|e p |G ) and a single photon in the atomic cavity (|g p |D ).
The fabricated superconducting circuit used to realize the waveguide QED system is shown in Fig. 1(b) . The circuit consists of seven transmon qubits (Q j for j = 1-7), all of which are side-coupled to the same coplanar waveguide (CPW). Each qubit's transition frequency is tunable via an external flux bias port (Z 1 -Z 7 ). We use the topcenter qubit in the circuit (Q 4 ) as a probe qubit. This qubit can be independently excited via a weakly-coupled CPW drive line (XY 4 ), and is coupled to a lumpedelement microwave cavity (R 4 ) for dispersive readout of its state. The other six qubits are mirror qubits. The mirror qubits come in two different types (I and II), which have been designed to have different waveguide coupling rates (Γ 1D,I /2π = 20 MHz and Γ 1D,II /2π = 100 MHz) in order to provide access to a range of Purcell factors. Type-I mirror qubits also lie in pairs across the CPW waveguide and have rather large (∼ 50 MHz) direct coupling. We characterize the waveguide and parasitic coupling rates of each individual qubit by measuring the phase and amplitude of microwave transmission through the waveguide (see Fig. 1(c) ). In order to reduce thermal noise, measurements are performed in a dilution refrigerator at a base temperature of 8 mK (see App. A for setup). For a sufficiently weak coherent drive the effects of qubit saturation can be neglected and the on-resonance extinction of the coherent waveguide tone relates to a lower bound on the individual qubit Purcell factor. Any residual waveguide thermal photons [34] , however, can result in weak saturation of the qubit and a reduction of the on-resonance extinction. We find an on-resonance intensity transmittance as low as 2 × 10 −5 for the type-II mirror qubits, corresponding to an upper bound on the CPW mode temperature of 43 mK and a lower bound on the Purcell factor of 200. Further details of the design, fabrication, and measured parameters of probe and each mirror qubit are provided in App. A and App. B.
The transmission through the waveguide, in the presence of the probe qubit, can also be used to measure spectroscopic signatures of the collective dark state of the qubit array. As an example of this we utilize a single pair of mirror qubits (Q 2 , Q 6 of type-I), which we tune to a frequency where their separation along the waveguide axis is d = λ 0 /2. The remaining qubits on the chip are decoupled from the waveguide input by tuning their frequency away from the measurement point. Figure 2 (a) shows the waveguide transmission spectrum for a weak coherent tone in which a broad resonance dip is evident corresponding to the bright state of the mirror qubit pair. We find a bright state waveguide coupling rate of Γ 1D,B ≈ 2Γ 1D = 2π × 26.8 MHz by fitting a Lorentizan lineshape to the spectrum. The dark state of the mirror qubits, being dark, is not observable in this waveguide spectrum. The dark state becomes observable, however, when measuring the waveguide transmission with the probe qubit tuned into resonance with the mirror qubits (see Fig. 2(b) ). In addition to the broad response from the bright state, in this case there appears two spectral peaks near the center of the bright state resonance ( Fig. 2(c) ). This pair of highly non-Lorentzian spectral features result from the Fano interference [35] between the broad bright state and the hybridized polariton resonances formed between the dark state of the mirror qubits (atomic cavity photon) and the probe qubit. The hybridized probe qubit and atomic cavity eigenstates can be more clearly observed by measuring the transmission between the probe qubit drive line (XY 4 ) and the output port of the waveguide (see Fig. 2(d) ). As the XY 4 line does not couple to the bright state due to the symmetry of its positioning along the waveguide, we observe two a b well-resolved resonances in Fig. 2 (e) with mode splitting 2J/2π ≈ 6 MHz when the probe qubit is nearly resonant with the dark state. Observation of vacuum Rabi splitting in the hybridized atomic cavity-probe qubit polariton spectrum signifies operation in the strong coupling regime.
To further investigate the signatures of strong coupling we perform time domain measurements in which we prepare the system in the initial state |g p |G → |e p |G using a 10 ns microwave π pulse applied at the XY 4 drive line. Following excitation of the probe qubit we use a fast flux bias pulse to tune the probe qubit into resonance with the collective dark state of the mirror qubits (atomic cavity) for a desired interaction time, τ . Upon returning to its initial frequency after the flux bias pulse, the excited state population of the probe qubit state is measured via the dispersively coupled readout resonator. In Fig. 3 (a) we show a timing diagram and plot three measured curves of the probe qubit's population dynamics versus τ . The top red curve corresponds to the mea-sured probe qubit's free decay, where the probe qubit is shifted to a detuned frequency f p0 to eliminate mirror qubit interactions. From an exponential fit to the decay curve we find a decay rate of 1/T 1 ≈ 2π × 1. 19 MHz, in agreement with the result from waveguide spectroscopy at f p0 . In the middle green and bottom blue curves we plot the measured probe qubit population dynamics when interacting with an atomic cavity formed from type-I and type-II mirror qubit pairs, respectively. In both cases the initially prepared state |e p |G undergoes vacuum Rabi oscillations with the dark state of the mirror qubits |g p |D . Along with the measured data we plot a theoretical model where the waveguide coupling, parasitic damping, and dephasing rate parameters of the probe qubit and dark state are taken from independent measurements, and the detuning between probe qubit and dark state is left as a free parameter (see App. C). From the excellent agreement between measurement and model we infer an interaction rate of 2J/2π = 5.64 MHz (13.0 MHz) and a cooperativity of C = 94 (172) for the type-I (type-II) mirror system. For both mirror types we find that the system is well into the strong coupling regime (J Γ 1D,p + Γ p , Γ D ), with the photon-mediated interactions dominating the decay and dephasing rates by roughly two orders of magnitude.
The tunable interaction time in our measurement sequence also allows for performing state transfer between the probe qubit and the dark state of the mirror qubits via an iSWAP gate [36] . We measure the dark state's population decay in a protocol where we excite the probe qubit and transfer the excitation into the dark state (see Fig. 3 (b)). From an exponential fit to the data we find a dark state decay rate of T 1,D = 757 ns (274 ns) for type-I (type-II) mirror qubits, enhanced by roughly the cooperativity over the bright state lifetime. In addition to lifetime, we can measure the coherence time of the dark state with a Ramsey-like sequence (see Fig. 3 (c)), yielding T * 2,D = 435 ns (191 ns) for type-I (type-II) mirror qubits. The collective dark state coherence time, being slightly shorter than its population decay time, hints at correlated sources of noise in the distantly entangled qubits forming the dark state (see discussion in App. D).
Our experiments so far have probed the atomic cavity system in the single excitation regime. Of course the atomic mirrors forming the cavity are not regular mirrors, and the two-level nature of the constituent qubit components leads to a number of interesting phenomena when the system is probed beyond the single-excitation manifold. As an example of the highly nonlinear behavior of the atomic mirrors, we populate the atomic cavity with a single photon via an iSWAP gate and then measure the waveguide transmission of weak coherent pulses through the system. (i) Probe qubit tuned to fp0 = 6.55 GHz, with all mirror qubits tuned away, corresponding to free population decay (red curve). (ii) Probe qubit tuned into resonance with a pair of type-I mirror qubits (Q2,Q6) at frequency fm1 = 6.6 GHz corresponding to dI = λ0/2 (green curve). (iii) Probe qubit tuned in resonance with type-II mirror qubits (Q1,Q7) at frequency fm2 = 5.826 GHz corresponding to dII = λ0/2 (blue curve). Inset: The sequence of pulses applied during the measurement. Legends: P, M1, and M2 denote the probe qubit, type-I, and type-II mirror qubits, respectively. b, Measurement of the population decay time (T1,D) of the dark state of type-I (green curve) and type-II (blue curve) mirror qubits. c, Corresponding Ramsey coherence time (T * 2,D ) of the type-I and type-II dark states. d, Waveguide transmission spectrum through the atomic cavity without (red data points) and with (orange data points) pre-population of the cavity. Here the atomic cavity was initialized in a single photon state by performing an iSWAP gate with the probe qubit followed by detuning of the probe qubit away from resonance. In both cases the transmission measurement is performed using coherent rectangular pulses with a duration of 260 ns and a peak power of P ≈ 0.03( ω0Γ1D). Solid lines show theory fits from numerical modeling of the system. e, Energy level diagram of the 0 (|G ), 1 (|D ,|B ), and 2 (|E ) excitation manifolds of the atomic cavity indicating waveguide induced decay and excitation pathways. f, Rabi oscillation with two excitations in the system of probe qubit and atomic cavity. The shaded region shows the first iSWAP step in which an initial probe qubit excitation is transferred to the atomic cavity. Populating the probe qubit with an additional excitation at this point results in strong damping of subsequent Rabi oscillations due to the rapid decay of state |E . Dashed brown curve is the predicted result for interaction of the probe qubit with an equivalent linear cavity. In (d)-(f) the atomic cavity is formed from type-I mirror qubits Q2 and Q6.
channel (see Fig. 3 (e)), and thus it cannot participate in absorption or emission of photons when probed via the waveguide. As a result, populating the atomic cavity with a single photon makes it nearly transparent to incoming waveguide signals for the duration of the darkstate lifetime. This is analogous to the electron shelving phenomenon which leads to suppression of resonance fluorescence in three-level atomic systems [37, 38] . As a further example, we use the probe qubit to attempt to prepare the cavity in the doubly excited state via two consecutive iSWAP gates. In this case, with only two mirror qubits and the rapid decay via the bright state of the two-excitation state |E of the mirror qubits (refer to Fig. 3(e) ), the resulting probe qubit population dynamics shown in Fig. 3 (f) have a strongly damped response (C < 1) with weak oscillations occurring at the vacuum Rabi oscillation frequency. This is in contrast to the behavior of a linear cavity (dashed green curve of Fig. 3 (f)), where driving the second photon transition leads to persistent Rabi oscillations with a frequency that is √ 2 larger than vacuum Rabi oscillations. Further analysis of the nonlinear behavior of the atomic cavity is provided in App. E.
The waveguide QED chip of Fig. 1(b) can also be used to investigate the spectrum of sub-radiant states that emerge when N > 2 and direct interaction between mirror qubits is manifest. This situation can be realized by taking advantage of the capacitive coupling between colocalized pairs of type-I qubits (Q 2 and Q 3 or Q 5 and Q 6 ). Although in an idealized 1D waveguide model there is no cooperative interaction term between qubits with zero separation along the waveguide, as shown in Fig. 4(a) we observe a strong coupling (g/2π = 46 MHz) between the co-localized pair of Q 2 and Q 3 mirror qubits. This coupling results from near-field components of the electromagnetic field that are excluded in the simple waveg-a c 6.1 6.2 6.3 6.4 6. 5 The bright (super-radiant) and dark (sub-radiant) states can be identified by comparing the symmetry of the compound qubit states with the resonant radiation field pattern in the waveguide. d, Probe qubit measurements of the two dark states, |D1 and |D2 . In these measurements the frequency of each dark state is shifted to ensure λ0/2 separation between the two compound atomic mirrors. uide model. The non-degenerate hybridized eigenstates of the qubit pair effectively behave as a compound atomic mirror. The emission rate of each compound mirror to the waveguide can be adjusted by setting the detuning ∆ between the pair. As illustrated in Fig. 4(b) , resonantly aligning the compound atomic mirrors on both ends of the waveguide results in a hierarchy of bright and dark states involving both near-field and waveguidemediated cooperative coupling. Probing the system with a weak tone via the waveguide, we identify the two superradiant combinations of the compound atomic mirrors ( Fig. 4(c) ). Similar to the case of a two-qubit cavity, we can identify the collective dark states via the probe qubit.
As evidenced by the measured Rabi oscillations shown in Fig. 4(d) , the combination of direct and waveguidemediated interactions of mirror qubits in this geometry results in the emergence of a pair of collective entangled states of the four qubits acting as strongly-coupled atomic cavities with frequency separation of 4g 2 + ∆ 2 .
We envision several avenues of further exploration beyond the work presented here. We note that the measured frequency disorder of the qubits in our system (δf ≈ 60 MHz) is smaller than the largest achieved qubit emission rate into the waveguide (Γ 1D /2π ≈ 100 MHz). A modest reduction in this δf /Γ 1D ratio eliminates the need for frequency-tunable qubits, which can result in significant simplifications in circuit layout and superior qubit coherence [39] . Combining this with slowlight metamaterial waveguides [27] would allow chip-scale waveguide QED experiments with a much larger number of qubits, in the range N = 10-100, where the full extent of the rich physics of multi-excitation collective states can be studied. Examples include the formation of "fermionic" spatial correlations in multi-qubit dark states [32] , deterministic generation of multi-photon entanglement [40, 41] , and driven-dissipative generation of many-body quantum states of light under classical drive [42] [43] [44] . In addition, a crucial technical advancement in our current work is the achievement of single qubit Purcell factors in excess of 200, a value more than an order of magnitude improved over previous work in planar superconducting quantum circuits and on par with the values achievable in less scalable 3D architectures [45] . Considering the state-of-the-art coherence times for planar superconducting qubits [46, 47] , and with improved thermalization of the waveguide [48, 49] , Purcell factors in excess of 10 4 should be achievable. In this regime, a universal set of quantum gates with fidelity above 0.99 can theoretically be realized by encoding information in the decoherence-free subspaces (dark states) within the waveguide QED system [29] . In the steady state, it can be shown that
to leading order in x ≡ ΩB/ΓB < 1, and hence we can neglect the contributions from ρE,E, ρB,E, ρE,B, ρG,E, ρE,G from the analysis in the weak driving limit. The probe power we have used in the experiment corresponds to x ∼ 0.15, which makes this approximation valid.
Appendix A: Device Fundamentals
Fabrication
The device used in this work is fabricated on a 1 cm × 1 cm high resistivity 10 kΩ-cm silicon substrate. The ground plane, waveguides, resonator, and qubit capacitors are patterned by electron-beam lithography followed by electron beam evaporation of 120 nm Al at a rate of 1 nm/s. A liftoff process is performed in N-methyl-2-pyrrolidone at 80 • C for 1.5 hours. The Josephson junctions are fabricated using double-angle electron-beam evaporation on suspended Dolan bridges, following similar techniques as in Ref. [50] . The airbridges are patterned using grayscale electron-beam lithography and developed in a mixture of isopropyl alcohol and deionized water [51] . After 2 hours of resist reflow at 105 • C, electron-beam evaporation of 140 nm Al is performed at 1 nm/s rate following 5 minutes of Ar ion mill. Liftoff is done in the same fashion as in the previous steps.
Qubit
We have designed and fabricated transmon qubits in three different variants for the experiment: type-I mirror qubits (Q 2 , Q 3 , Q 5 , Q 6 ), type-II mirror qubits (Q 1 , Q 7 ), and the probe qubit (Q 4 ). The qubit frequency tuning range, waveguide coupling rate (Γ 1D ), and parasitic decoherence rate (Γ ) can be extracted from waveguide spectroscopy measurements of the individual qubits. The values for all the qubits inferred in this manner are listed in Table I . Note that Γ is defined as due to damping and dephasing from channels other than the waveguide at zero temperature. The inferred value of Γ from waveguide spectroscopy measurements is consistent with this definition in the zero temperature waveguide limit (effects of finite waveguide temperature are considered in Supplementary Information Note 2). The standard deviation in maximum frequencies of the four identically designed qubits (type-I) is found as 61 MHz, equivalent to ∼ 1% qubit frequency disorder in our fabrication process. Asymmetric Josephson junctions are used in all qubits' superconducting quantum interference device (SQUID) loops (Figure 5c 
Readout
We have fabricated a lumped-element resonator (shown in Fig. 5b ) to perform dispersive readout of the state of central probe qubit (Q 4 ). The lumped-element resonator consists of a capacitive claw and an inductive meander of ∼ 1 µm pitch, effectively acting as a quarter-wave resonator. The bare frequency of resonator and coupling to probe qubit are extracted to be f r = 5.156 GHz and g/2π = 116 MHz, respectively, giving dispersive frequency shift of χ/2π = −2.05 MHz for Q 4 at maximum frequency. The resonator is loaded to the common waveguide in the experiment, and its internal and external quality factors are measured to be Q i = 1.3 × 10 5 and Q e = 980 below single-photon level. It should be noted that the resonator-induced Purcell decay rate of Q 4 is Γ Purcell 1 /2π ∼ 70 kHz, TABLE I . Qubit characteristics. fmax (fmin) is the maximum (minimum) frequency of the qubit, corresponding to "sweet spots" with zero first-order flux sensitivity. Γ1D is the qubit's rate of decay into the waveguide channel and Γ is its parasitic decoherence rate due to damping and dephasing from channels other than the waveguide at 0 temperature. All reported values are measured at the maximum frequency of each qubit, save for Q3 in which case the values were measured at 6.6 GHz (marked with superscript a ). With the exception of Q3 and Q5 (marked with superscript b ), all the values are measured with the cold attenuator placed in the input line of the waveguide (see App. B).
small compared to the decay rate into the waveguide Γ 1D,p /2π ∼ 1MHz. The compact footprint of the lumped-element resonator is critical for minimizing the distributed coupling effects that may arise from interference between direct qubit decay to the waveguide and the the Purcell decay of the qubit via the resonator path.
Airbridge
In our experiment we use a coplanar transmission line for realizing a microwave waveguide. In addition to the fundamental propagating mode of the waveguide, which has even symmetry with respect to the waveguide axis, these structures also support a set of modes with the odd symmetry, known as the slotline modes. The propagation of the slotline mode can be completely suppressed in a waveguide with perfectly symmetric boundary conditions. However, in practice perfect symmetry cannot be maintained over the full waveguide length, which unavoidably leads to presence of the slotline mode as a spurious loss channel for the qubits. Crossovers connecting ground planes across the waveguide are known to suppress propagation of slotline mode, and to this effect, aluminum airbridges have been used in superconducting circuits with negligible impedance mismatch for the desired CPW mode [52] .
In this experiment, we place airbridges (Fig. 5d ) along the waveguide and control lines with the following considerations. Airbridges create reflecting boundary for slotline mode, and if placed by a distance d a discrete resonance corresponding to wavelength of 2d is formed. By placing airbridges over distances smaller than λ/4 apart from each other (λ is the wavelength of the mode resonant with the qubits), we push the slotline resonances of the waveguide sections between the airbridges to substantially higher frequencies. In this situation, the dissipation rate of qubits via the spurious channel is significantly suppressed by the off-resonance Purcell factor Γ Purcell 1 ∼ (g/∆) 2 κ, where ∆ denotes detuning between the qubit transition frequency and the frequency of the odd mode in the waveguide section between the two airbridges. The parameters g and κ are the interaction rate of the qubit and the decay rate of the slot-line cavity modes. In addition, we place the airbridges before and after bends in waveguide, to ensure the fundamental waveguide mode is not converted to the slot-line mode upon propagation [53] .
Flux Crosstalk
We tune the frequency of each qubit by supplying a bias current to individual Z control lines, which controls the magnetic flux in the qubit's SQUID loop. The bias currents are generated via independent bias voltages generated by seven arbitrary waveform generator (AWG) channels, allowing for simultaneous tuning of all qubits. In practice, independent frequency tuning of each qubit needs to be accompanied by small changes in the flux bias of the qubits in the near physical vicinity of the qubit of interest, due to cross-talk between adjacent Z control lines.
In this experiment, we have characterized the crosstalk between bias voltage channels of the qubits in the following way. First, we tune the qubits not in use to frequencies more than 800MHz away from the working frequency (which is set as either 5.83 GHz or 6.6 GHz). These qubits are controlled by fixed biases such that their frequencies, even in the presence of crosstalk from other qubits, remain far enough from the working frequency and hence are not considered for the rest of the analysis. Second, we tune the remaining qubits in use to relevant frequencies within 100 MHz of the working frequency and record the biases v 0 and frequencies f 0 of these qubits. Third, we vary the bias on only a single (j-th) qubit and linearly interpolate the change in frequency (f i ) of the other (i-th) qubits with respect to bias voltage v j on j-th qubit, finding the cross talk matrix component M ij = (∂f i /∂v j ) v=v0 . Repeating this step, we get the following (approximately linearized) relation between frequencies f and bias voltages v of qubits:
Finally, we take the inverse of relation (A1) to find bias voltages v that is required for tuning qubits to frequencies f :
An example of such crosstalk matrix between Q 2 , Q 4 , and Q 6 near f 0 = (6.6, 6.6, 6.6) GHz used in the experiment is given by
This indicates that the crosstalk level between Q 4 and either Q 2 or Q 6 is about 5%, while that between Q 2 and Q 6 is less than 1%. We have repeated similar steps for other configurations in the experiment. Figure 6 illustrates the outline of the measurement chain in our dilution refrigerator. The sample is enclosed in a magnetic shield which is mounted at the mixing chamber. We have outlined four different types of input lines used in our experiment. Input lines to the waveguide and XY 4 go through a DC block at room temperature and are attenuated by 20 dB at the 4 K stage, followed by additional 40 dB of attenuation at the mixing chamber. The fast flux tuning lines (Z 3 , Z 4 ) are attenuated by 20 dB and are filtered with a low-pass filter with corner frequency at 225 MHz to minimize thermal noise photons while maintaining short rise and fall time of pulses for fast flux control. The slow flux tuning lines (Z 1 , Z 2 , Z 5 , Z 6 , Z 7 ) are filtered by an additional low-pass filter with 64 kHz corner frequency at the 4K stage to further suppress noise photons. In addition, the waveguide signal output path contains a high electron mobility transistor (HEMT) amplifier at the 4K plate. Three circulators are placed in between the HEMT and the sample to ensure (> 70 dB) isolation of the sample from the amplifier noise. In addition, we have a series of low-pass and band-pass filters on the output line to suppress noise sources outside the measurement spectrum.
Experimental Setup
A thin-film "cold attenuator", developed in Ben Palmer's group at the University of Maryland [48] to better thermalize a microwave coaxial line to its environment, as well as an additional circulator (both attenuator and circulator are highlighted in red in the schematic), are added to the waveguide measurement chain in later setups to further protect the device against thermal photons. The effect of this change is discussed in App. B. The master equation of a qubit in a thermal bath at temperature T , driven by a classical field is given byρ = −i[Ĥ/ ,ρ] + L[ρ], where the HamiltonianĤ and the Liouvillian L is written as [54] 
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Here, ω p (ω q ) is the frequency of the drive (qubit), Ω p is the Rabi frequency of the drive,n th = 1/(e ωq/kBT − 1) is the thermal occupation of photons in the bath, Γ 1 and Γ ϕ are relaxation rate and pure dephasing rates of the qubit, respectively. The superoperator
denotes the Lindblad dissipator. The master equation can be rewritten in terms of density matrix elements ρ a,b ≡ a|ρ|b asρ e,e = iΩ p 2 (ρ e,g − ρ g,e ) − (n th + 1)Γ 1 ρ e,e +n th Γ 1 ρ g,g (B4)
With ρ e,e + ρ g,g = 1, the steady-state solution (ρ = 0) to the master equation can be expressed as ρ ss e,e =n th 2n th + 1
ρ ss e,g = −i Ω p 2Γ th 2 (2n th + 1)
where δω = ω p − ω q is the detuning of the drive from qubit frequency, Γ th 1 = (2n th + 1)Γ 1 and Γ th 2 = Γ th 1 /2 + Γ ϕ are the thermally enhanced decay rate and dephasing rate of the qubit. Now, let us consider the case where a qubit is coupled to the waveguide with decay rate of Γ 1D . If we send in a probe fieldâ in from left to right along the waveguide, the right-propagating output fieldâ out after interaction with the qubit is written as [33] 
The probe field creates a classical drive on the qubit with the rate of Ω p /2 = −i â in Γ 1D /2. With the steady-state solution of master equation (B8) the transmission amplitude t = â out / â in can be written as
.
(B9)
At zero temperature (n th = 0) Eq. (B9) reduces to [17, 55] ,
(B10)
Here, Γ 2 = Γ ϕ + Γ 1 /2 is the dephasing rate of the qubit in the absence of thermal occupancy. In the following, we define the parasitic decoherence rate of the qubit as Γ = 2Γ 2 − Γ 1D = Γ loss + 2Γ ϕ , where Γ loss denotes the decay rate of qubit induced by channels other than the waveguide. Examples of Γ loss in superconducting qubits include dielectric loss, decay into slotline mode, and loss from coupling to two-level system (TLS) defects.
Effect of saturation
To discuss the effect of saturation on the extinction in transmission, we start with the zero temperature case of Eq. (B10). We introduce the saturation parameter s ≡ Ω 2 p /Γ 1 Γ 2 to rewrite the on-resonance transmittivity as
where the low-power assumption s 1 has been made in the last step. For the extinction to get negligible effect from saturation, the power-dependent part in Eq. (B11) should be small compared to the power-independent part. This is equivalent to s < Γ /Γ 1D . Using the relation Ω p = 2Γ 1D P p ω q between the driven Rabi frequency and the power P p of the probe and assuming Γ Γ 1D , this reduces to
In the experiment, the probe power used to resolve the extinction was -150 dBm (10 −18 W), which gives a limit to the observable Γ due to our coherent drive of Γ /2π ≈ 150 kHz.
Effect of thermal occupation
To take into account the effect of thermal occupancy, we take the limit where the saturation is very small (Ω p ≈ 0). On resonance, the transmission amplitude is expressed as
where we have assumed the thermal occupation is very small,n th 1. In the limit where Γ 1D is dominating spurious loss and pure dephasing rates (Γ 2 ≈ Γ 1D /2), this reduces to
and hence the thermal contribution dominates the transmission amplitude unlessn th < Γ /4Γ 1D . Using this relation, we can estimate the upper bound on the temperature of the environment based on our measurement of extinction. We have measured the transmittance of Q 1 at its maximum frequency (Fig. 7) before and after installing a thin-film microwave attenuator, which is customized for proper thermalization of the input signals sent into the waveguide with the mixing chamber plate of the dilution refrigerator [48] . The minimum transmittance was measured to be |t| 2 ≈ 1.7 × 10 −4 (2.1 × 10 −5 ) before (after) installation of the attenuator, corresponding to the upper bound on thermal photon number ofn th 3.3 × 10 −3 (1.1 × 10 −3 ). With the attenuator, this corresponds to temperature of 43 mK, close to the temperature values reported in Ref. [48] . The transmittance of Q1 is measured at the flux-insensitive point before and after installation of customized microwave attenuator. We observe an order-of-magnitude enhancement in extinction after the installation, indicating a better thermalization of input signals to the chip.
− de-excites the state of i-th mirror qubit. Note that the doubly-excited state |E can be obtained by successive application of eitherŜ † D orŜ † B twice on the ground state |G . The interaction of qubits with the field in the waveguide is written in the form ofĤ WG ∝ (Ŝ B +Ŝ † B ), and hence the state transfer via classical drive on the waveguide can be achieved only between states of non-vanishing transition dipole f |Ŝ B |i . In the present case, only |G ↔ |B and |B ↔ |E transitions are available via the waveguide with the same transition dipole. This implies that the waveguide decay rate of |E is equal to that of |B , Γ 1D,E = 2Γ 1D .
To investigate the level structure of the dark state, which is not accessible via the waveguide channel, we introduce an ancilla probe qubit [frequency ω q , decay rate Γ 1D,p (Γ p ) to waveguide (loss) channel] at the center of mirror qubits. The probe qubit is separated by λ/4 from mirror qubits, maximizing the exchange interaction to Γ 1D,p Γ 1D /2 with zero correlated decay. This creates an interaction of excited state of probe qubit to the dark state of mirror qubits |e p |G ↔ |g p |D , while the bright state remains decoupled from this dynamics.
The master equation of the three-qubit system readsρ = − i [Ĥ,ρ] + L[ρ], where the HamiltonianĤ and the Liouvillian L are given byĤ
Level structure of the atomic cavity and linear cavity. a. Level structure of the three-qubit system of probe qubit and atomic cavity. Γ1D,p and 2Γ1D denotes the decay rates into the waveguide channel, ΩXY is the local drive on the probe qubit, and ΩWG is the drive from the waveguide. The coupling strength J is the same for the first excitation and second excitation levels, b. Level structure of an atom coupled to a linear cavity. |e a (|g a) denotes the excited state (ground state) of the atom, while |n is the n-photon Fock state of the cavity field. g is the coupling, γ is the decay rate of the atom, and κ is the photon loss rate of the cavity.
Here,σ (p) ± are the Pauli operators for the probe qubit, 2J = 2Γ 1D,p Γ 1D is the interaction between probe qubit and dark state, and D[·] is the Lindblad dissipator defined in Eq. (B3). The full level structure of the 2 3 = 8 states of three qubits and the rates in the system are summarized in Fig. 8a . Note that the effective (non-Hermitian) Hamiltonian H eff in the main text can be obtained from absorbing part of the Liouvillian in Eq. (C4) excluding terms associated with quantum jumps.
To reach the dark state of the atomic cavity, we first apply a local gate |g p |G → |e p |G on the probe qubit (Ω XY in Fig. 8a ) to prepare the state in the first-excitation manifold. Then, the Rabi oscillation |e p |G ↔ |g p |D takes place with the rate of J. We can identify g = J, γ = Γ 1D,p + Γ p , κ = Γ in analogy to cavity QED ( Fig. 1a and Fig. 8b ) and calculate cooperativity as
when the spurious loss rate Γ is small. A high cooperativity can be achieved in this case due to collective suppression of radiation in atomic cavity and cooperative enhancement in the interaction, scaling linearly with the Purcell factor P 1D = Γ 1D /Γ . Thus, we can successfully map the population from the excited state of probe qubit to dark state of mirror qubits with the interaction time of (2J/π) −1 .
Going further, we attempt to reach the second-excited state |E = (Ŝ † D ) 2 |G of atomic cavity. After the state preparation of |g p |D mentioned above, we apply another local gate |g p |D → |e p |D on the probe qubit and prepare the state in the second-excitation manifold. In this case, the second excited states |e p |D ↔ |g p |E have interaction strength J, same as the first excitation, while the |E state becomes highly radiative to waveguide channel. The cooperativity C is calculated as
which is always smaller than unity. Therefore, the state |g p |E is only virtually populated and the interaction maps the population in |e p |D to |g p |B with the rate of (2J) 2 /(2Γ 1D ) = Γ 1D,p . This process competes with radiative decay (at a rate of Γ 1D,p ) of probe qubit |e p |D → |g p |D followed by the Rabi oscillation in the first-excitation manifold, giving rise to damped Rabi oscillation in Fig. 3f .
Effect of phase length mismatch
Deviation of phase length between mirror qubits from λ/2 along the waveguide can act as a non-ideal contribution in the dynamics of atomic cavity. The waveguide decay rate of dark state can be written as Γ 1D,D = Γ 1D (1 − | cos φ|), where φ = k 1D d is the phase separation between mirror qubits [33] . Here, k 1D is the wavenumber and d is the distance between mirror qubits.
We consider the case where the phase mismatch ∆φ = φ − π of mirror qubits is small. The decay rate of the dark state scales as Γ 1D,D ≈ Γ 1D (∆φ) 2 /2 only adding a small contribution to the decay rate of dark state. Based on the decay rate of dark states from time-domain measurement in Table III , we estimate the upper bound on the phase mismatch ∆φ/π to be 5% for type-I and 3.5% for type-II.
Effect of asymmetry in Γ 1D
So far we have assumed that the waveguide decay rate Γ 1D of mirror qubits are identical and neglected the asymmetry. If the waveguide decay rates of mirror qubits are given by Γ 1D,1 = Γ 1D,2 , the dark state and bright state are redefined as
with collectively suppressed and enhanced waveguide decay rates of Γ 1D,D = 0, Γ 1D,D = Γ 1D,1 + Γ 1D,2 , remaining fully dark and fully bright even in the presence of asymmetry. We also generalize Eq. (C2) aŝ
With this basis, the Hamiltonian can be written aŝ
where
Thus, the probe qubit interacts with both the dark state and bright state with the ratio of J D : J B = 2 Γ 1D,1 Γ 1D,2 : (Γ 1D,1 − Γ 1D,2 ), and thus for a small asymmetry in the waveguide decay rate, the coupling to the dark state dominates the dynamics. In addition, we note that the bright state superradiantly decays to the waveguide, and it follows that coupling of probe qubit to the bright state manifest only as contribution of
to the probe qubit decay rate into spurious loss channel. In our experiment, the maximum asymmetry d = |Γ1D,1−Γ1D,2| Γ1D,1+Γ1D,2
in waveguide decay rate between qubits is 0.14 (0.03) for type-I (type-II) from Table II , and this affects the decay rate of probe qubit by at most ∼ 2%.
Fitting of Rabi oscillation curves
The Rabi oscillation curves in Fig. 3a and Fig. 4d are modeled using a numerical master equation solver [56, 57] . The qubit parameters used for fitting the Rabi oscillation curves are summarized in Table II . For all the qubits, Γ 1D was found from spectroscopy. In addition, we have done a time-domain population decay measurement on the probe qubit to find the total decay rate of Γ 1 /2π = 1.1946 MHz (95% confidence interval [1.1644, 1.2263] MHz, measured at 6.55 GHz). Using the value of Γ 1D /2π = 1.1881 MHz (95% confidence interval [1.1550, 1.2211] MHz, measured at 6.6 GHz) from spectroscopy, we find the spurious population decay rate Γ loss /2π = Γ 1 /2π − Γ 1D /2π = 6.5 kHz (with uncertainty of 45.3 kHz) for the probe qubit. The value of spurious population decay rate is assumed to be identical for all the qubits in the experiment.
The dephasing rate of the probe qubit is derived from time-domain population decay and Ramsey sequence measurements Γ ϕ = Γ 2 − Γ 1 /2. In the case of the mirror qubits, the table shows effective single qubit parameters inferred from measurements of the dark state lifetime. We calculate single mirror qubit dephasing rates that theoretically yield the corresponding measured collective value. Assuming an uncorrelated Markovian dephasing for the mirror qubits forming the cavity we find Γ ϕ,m = Γ ϕ,D (see App. D). Similarly, the waveguide decay rate of the mirror qubits is found from the spectroscopy of the bright collective state as Γ 1D,m = Γ 1D,B /2. The detuning between probe qubit and the atomic cavity (∆) is treated as the only free parameter in our model. The value of ∆ sets the visibility and frequency of the Rabi oscillation, and is found from the the fitting algorithm. The dark state of mirror qubits belongs to the decoherence-free subspace in the system due to its collectively suppressed radiation to the waveguide channel. However, there exists non-ideal channels that each qubit is coupled to, and such channels contribute to the finite lifetime (T 1 ) and coherence time (T * 2 ) of the dark state (See Table III ). In the experiment, we have measured the decoherence rate Γ 2,D of the dark state to be always larger than the decay rate Γ 1,D , which cannot be explained by simple Markovian model of two qubits subject to their own independent noise. We discuss possible scenarios that can give rise to this situation of Γ 2,D > Γ 1,D , with distinction of the Markovian and non-Markovian noise contributions.
There are two major channels that can affect the coherence of the dark state. First, coupling of a qubit to dissipative channels other than the waveguide can give rise to additional decay rate Γ loss = Γ 1 − Γ 1D (so-called non-radiative decay rate). This type of decoherence is uncorrelated between qubits and is well understood in terms of the Lindblad form of master equation, whose contribution to lifetime and coherence time of dark state is similar as in individual qubit case. Another type of contribution that severely affects the dark state coherence arises from fluctuations in qubit frequency, which manifest as pure dephasing rate Γ ϕ in the individual qubit case. This can affect the decoherence of the dark state in two ways: (i) By accumulating a relative phase between different qubit states, this act as a channel to map the dark state into the bright state with short lifetime, and hence contributes to loss of population in the dark state; (ii) fluctuations in qubit frequency also induces the frequency jitter of the dark state and therefore contributes to the dephasing of dark state.
In the following, we model the aforementioned contributions to the decoherence of dark state. Let us consider two qubits separated by λ/2 along the waveguide on resonance, in the presence of fluctuations∆ j (t) in the qubit frequency. The master equation can be written asρ = −i[Ĥ/ ,ρ] + L[ρ], where the HamiltonianĤ and the Liouvillian L are given byĤ
Here, Γ 1D (Γ loss ) is the decay rate of qubits into waveguide (spurious loss) channel. Note that we have assumed the magnitude of fluctuation∆ j (t) in qubit frequency is small and neglected its effect on exchange interaction and correlated decay. We investigate two scenarios in the following subsections depending on the correlation of noise that gives rise to qubit frequency fluctuations.
Markovian noise
If the frequency fluctuations of the individual qubits satisfy the conditions for Born and Markov approximations, i.e. the noise is weakly coupled to the qubit and has short correlation time, the frequency jitter can be described in terms of the standard Lindblad form of dephasing [54] .
More generally, we also consider the correlation between frequency jitter of different qubits. Such contribution can arise when different qubits are coupled to a single fluctuating noise source. For instance, if two qubits in a system couple to a magnetic field B 0 +B(t) that is global to the chip with D j ≡ ∂∆ j /∂B, the correlation between detuning of different qubits follows correlation of the fluctuations in magnetic field, giving ∆ 1 (t)∆ 2 (t + τ ) = D 1 D 2 B (t)B(t + τ ) = 0. The Liouvillian associated with dephasing can be written as [58] L ϕ,jk [ρ] = Γ ϕ,jk 2 σ (j)
where the dephasing rate Γ ϕ,jk between qubit j and qubit k (j = k denotes individual qubit dephasing and j = k is the correlated dephasing) is given by
Here, the average · is taken over an ensemble of fluctuators in the environment. Note that the correlated dephasing rate Γ ϕ,jk can be either positive or negative depending on the sign of noise correlation, while the individual pure dephasing rate Γ ϕ,jj is always positive. After we incorporate the frequency jitter as the dephasing contributions to the Liouvillian, the master equation takes the forṁ ρ = j,k=1,2
We diagonalize the correlated decay part of the Liouvillian describe the two-qubit system in terms of bright and dark states defined in Eq. (C1). From now on, we assume the pure dephasing rate and the correlated dephasing rate are identical for the two qubits, and write Γ ϕ ≡ Γ ϕ,11 = Γ ϕ,22 , Γ ϕ,c ≡ Γ ϕ,12 = Γ ϕ,21 . For qubits with a large Purcell factor (Γ 1D Γ ϕ , |Γ ϕ,c |, Γ loss ), we can assume that the superradiant states |B and |E are only virtually populated [29] and neglect the density matrix elements associated with |B and |E . Rewriting Eq. (D5) in the basis of {|G , |B , |D , |E }, the dynamics related to dark state can be expressed asρ D,D ≈ −Γ 1,D ρ D,D andρ D,G ≈ −Γ 2,D ρ D,G , where
Note that if the correlated dephasing rate Γ ϕ,c is zero, Γ 1,D is always larger than Γ 2,D , which is in contradiction to our measurement result. We estimate the decay rate into non-ideal channels to be Γ loss /2π = 6.5 kHz from the difference in Γ 1 and Γ 1D of the probe qubit, and assume Γ loss to be similar for all the qubits. Applying Eq. (D6) to measured values of Γ 2,D listed in Table III , we expect that the pure dephasing of the individual qubit is the dominant decay and decoherence source for the dark state. In addition, we compare the decay rate Γ 1,D and decoherence rate Γ 2,D of dark states in the Markovian noise model and infer that the correlated dephasing rate Γ ϕ,c is positive and is around a third of the individual dephasing rate Γ ϕ for all types of mirror qubits.
Non-Markovian noise
In a realistic experimental setup, there also exists non-Markovian noise sources contributing to the dephasing of the qubits, e.g. 1/f -noise or quasi-static noise [30, 59, 60] . In such cases, the frequency jitter cannot be simply put into the Lindblad form as described above. In this subsection, we consider how the individual qubit dephasing induced by non-Markovian noise influences the decoherence of dark state. As shown below, we find that a non-Markovian noise source can lead to a shorter coherence time to lifetime ratio for the dark states, in a similar fashion to correlated dephasing. However, we find that the functional form of the visibility of Ramsey fringes is not necessarily an exponential for a non-Markovian noise source.
We start from the master equation introduced in Eqs. (D1)-(D2) can be written in terms of the basis of {|G , |B , |D , |E },ρ
where the Hamiltonian is written using the common frequency jitter∆ c (t) ≡ [∆ 1 (t) +∆ 2 (t)]/2 and differential frequency jitter∆ d (t) ≡ [∆ 1 (t) −∆ 2 (t)]/2 H(t)/ =∆ c (t) (2|E E| + |D D| + |B B|) +∆ d (t) (|B D| + |D B|) .
Here,Ŝ B andŜ D are defined in Eq. (C2). From the Hamiltonian in Eq. (D8), we see that the common part of frequency fluctuation∆ c (t) results in the frequency jitter of the dark state while the differential part of frequency fluctuation∆ d (t) drives the transition between |D and |B , which acts as a decay channel for the dark state.
For uncorrelated low-frequency noise on the two qubits, the decoherence rate is approximately the standard deviation of the common frequency jitter ∆ c (t) 2 . The decay rate in this model can be found by modeling the bright state as a cavity in the Purcell regime, and calculate the damping rate of the dark state using the Purcell factor as 4∆ d (t) 2 /Γ B . As evident, in this model the dark state's population decay rate is strongly suppressed by the large damping rate of bright state Γ B , while the dark state's coherence time can be sharply reduced due to dephasing.
